We investigate solutions to the Bethe equations for the isotropic S = 1/2 Heisenberg chain involving complex, string-like rapidity configurations of arbitrary length. Going beyond the traditional string hypothesis of undeformed strings, we describe a general procedure to construct eigenstates including strings with generic deformations, discuss general features of these solutions, and provide a number of explicit examples including complete solutions for all wavefunctions of short chains. We finally investigate some singular cases and show from simple symmetry arguments that their contribution to zero-temperature correlation functions vanishes.
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I. INTRODUCTION
The problem of diagonalizing the Hamiltonian of a generic quantum system is too difficult to be carried out completely except in rather exceptional circumstances. For noninteracting models, this is easily done since multiparticle states are obtained from products of single particle ones. However, in the presence of interactions, finding the exact eigenstates and energy eigenvalues becomes a problem of dimensionality equal to that of the Hilbert space. A set of theories which stand out as an exception to this are so-called integrable models, the most fundamental of which is the Heisenberg spin-1/2 chain 1 , 
where J is the magnetic exchange coupling constant and h the external field. Throughout this paper, we will give results for the antiferromagnetic case J = 1 (the eigenstates are the same for J < 0, only their energies are reversed).
Since the z-component of the total spin commutes with H, it is a good quantum number. Starting from a reference state with all spins pointing up,
we can divide the Hilbert space into subsectors of fixed magnetization σ = 
with φ(λ) = 2 atanλ and k(λ) = π − 2 atan2λ. The energy of an eigenstate is E = E 0 − hN σ with E 0 = j −2J 1+4λ 2 j . The set of M rapidities λ are constrained by quantizing H through the imposition of periodic boundary conditions, yielding the Bethe equations
The correspondence between the number of distinct solutions to (6) for given M and the dimensionality of the sub-Hilbert space is known as the completeness problem, and is a highly nontrivial fact to verify. To classify the eigenstates, the standard strategy is to consider the logarithm of (6), 2 atan 2λ α = 2π
introducing a set of quantum numbers J (defined modulo N ) which label the eigenstates (J are half-odd integers for N − M even, and integers for N − M odd). Since the Bethe wavefunctions formally vanish when two rapidities become equal, we could think that simply choosing M distinct quantum numbers among the set of N allowed possibilities, which we can clearly do in dim(N, M ) ways, would allow us to reconstruct all the eigenstates in the subspace. This, as was known to Bethe himself, is too naive and simply fails 42 . The problem is that only some of the solutions to (7) are in terms of real rapidities; there also exist, as Bethe himself found, solutions involving groups of complex rapidities representing bound states of magnons. This led Bethe to investigate this problem rather extensively in his original paper, by attempting to explicitly construct all solutions. He realized that complex rapidities typically arrange themselves into regular patterns known as strings. More importantly, he also realized that there exist states in which these strings get deformed back into extra real solutions with coinciding quantum numbers J for which the wavefuntion is nonvanishing, meaning that the 'Pauli principle' of allowing only single occupancy of the J quantum numbers fails, and that counting states using these is invalid 2, 3 . Bethe proposed a scenario wherein all eigenstates could be obtained from real solutions complemented by (deformed, possibly all the way back onto the real axis) string states, and showed that the counting of these solutions gives the correct number of eigenstates.
In the early 1970's, interest in general solutions to the Bethe equations was revived by Takahashi's fundamental work on the thermodynamics of the isotropic Heisenberg chain 4 , making extensive use of the so-called string hypothesis in which only undeformed strings are assumed to be present. Gaudin 5 further considered the gapped anisotropic chain, while Takahashi extended his study to the gapless anisotropic chain 6 . While these papers used the simplest form of the string hypothesis, in which undeformed strings of arbitrary length were present, Takahashi's original treatment of the gapless case was shown by Johnson, McCoy and Lai 7 to yield an incorrect high-temperature expansion. The reason for this discrepancy was that the states of a gapless anisotropic chain can only have strings of certain allowed lengths, and upon restricting the original equations to this set, Takahashi and Suzuki obtained the correct thermodynamics 8, 9 . As far as thermodynamics are concerned, the string hypothesis as expounded in the above papers is understood to give correct results as long as either the temperature or the magnetic field are not strictly vanishing 10 . Getting the thermodynamics right, however, in no way addresses the 'completeness' problem of the Bethe Ansatz. In fact, the successes of the Thermodynamic Bethe Ansatz using the string hypothesis cast a long enduring shadow on the general awareness of Bethe's own understanding of the existence and characteristics of deformed string solutions, which were 'rediscovered' only decades later. There now exists a large literature on this subject for the particular case of the Heisenberg chains 3, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33 . The purpose of the present paper is to delve more deeply into the nature of Bethe eigenstates which deviate significantly from the traditional string hypothesis. As a starting point, we consider only the case of the isotropic antiferromagnet, but our main objective is to go beyond the usual case of only 2 downturned spins typically considered in the existing literature. The motivation for such a study comes in large part from recent work on dynamical correlation functions for large but finite chains 34, 35 , to which such states can in principle contribute, and for which the string hypothesis is a good starting point but whose accuracy has to be confirmed state-by-state. More formally, it is our opinion that the completeness problem is not properly addressed by arguments based exclusively on the string hypothesis: we believe that a true 'exact solution' of the Heisenberg chains requires providing an explicit scheme to recover all the eigenstates from solutions to the Bethe equations, and that proofs of completeness have to go hand in hand with a precise knowledge of what is being counted. Our objective is to make a step in this direction by proposing a scheme for states with deformed higher string-like complex rapidities.
The paper is organized as follows. In Section II, we set our notations and discuss basic aspects of complex solutions to the Bethe equations. In Section III, we derive the sets of equations for string deviations which are then used in Section IV to obtain and discuss explicit solutions in various cases and limits. Section V focuses on special degenerate cases and their form factors. Finally, after the Conclusion, we give complete solutions to the Bethe equations for small chains in the Appendix.
II. STRINGS IN THE BETHE EQUATIONS

A. Pairs
It is easily seen that, if the set {λ} is a solution to the Bethe equations, so is {λ * }. A stronger statement was proven by Vladimirov 36 , viz. that all solutions of the Bethe equations are self-conjugate, i.e. {λ} = {λ * }. As a consequence, complex roots of the Bethe equations always come in pairs of conjugate roots, {λ + , λ − } where Im λ + > 0 and λ − := λ to λ − from that of λ + gives 2π
We choose the branch cut of the logarithm such that −π < Im ln z ≤ π. Then the branch cuts of the inverse tangent are such that
Taking the real part of the difference equation, taking into account the above branch cut and the fact that Re(atan λ− atan λ * ) = 0 if Re λ = 0, and that we work modulo π, the real part of the equation becomes
In other words, there are two kinds of pairs: narrow pairs (also called close pairs), which are separated in the imaginary direction by less than i, and whose quantum numbers are equal; and wide pairs, which are separated by more than i and whose quantum numbers differ by one, where the higher quantum number is associated to the root in the negative half-plane. This distinction is found in e.g. Destri and Löwenstein 14 and Babelon et al. 15 . If Im λ + = 1 2 , the Bethe equations become singular; we will study this important limit in more detail in the following sections.
The fact that solutions exist with repeated quantum numbers makes the counting of allowed states very complicated. This problem is addressed by the string hypothesis which, among other things, introduces a new type of quantum number meant to be strictly non-repeating.
B. The string hypothesis
If a root λ is complex with positive imaginary part and finite real part, the factor in the left-hand side of the Bethe equation (6) has a norm less than unity. This implies that for large N , the left-hand side will vanish exponentially. Therefore, the right-hand side must vanish exponentially as well. Likewise, if the imaginary part is negative, both sides must diverge. The only way for a factor on the right-hand side to vanish for fixed M as N → ∞ is if there exists a root at a distance close to i below the root under consideration, where the difference is close to i. Since this is true for every complex root we choose on the left-hand side, all non-real roots should be arranged in strings of various length, in which the roots that make up the string are spaced by distances close to i. This is a loose statement of what is known as the string hypothesis.
The M roots of the Bethe equations are thus partitioned in a configuration of strings, where a j-string is a group of j roots such that
with a ∈ {1, . . . , j}.
Here j is the string length, λ * . Note that every self-conjugate configuration of roots can be given in terms of a set of strings as above albeit with arbitrarily large deviations. The string hypothesis assumes that all deviations vanish in the thermodynamic limit.
Using the parametrisation (11), let us now make our reasoning more precise. Consider the Bethe equations (6) for a root λ j αa . Let A j α be the part of the product on the right side pertaining to roots on other strings. We assume that A j α is of order unity. Furthermore, the quotient on the left-hand side is denoted z j αa ∈ C. We consider a root with positive imaginary part, so that z j αa < 1. The Bethe equation can be written
Our parametrisation is such that Im λ j αa > Im λ j αa+1 . Then, the positive-imaginary roots have 1 ≤ a ≤ j/2 . Let us start at a = 1. Since this is the top root,
We now assume that the differences of δs are small enough for all but the first of the quotients on the right-hand side to be of order unity. Thus we have
i.e., the difference must vanish exponentially with N . Now consider the next root, a = 2. This time,
and therefore we conclude
Multiplying by equation (14) gives
Continuing this reasoning until a = j/2 , we conclude that all differences of deviations vanish exponentially with
. Furthermore, we know that for j even, d . Note that during this derivation we have made a number of important assumptions, mainly that the factor A j α is of order unity and that the differences of consecutive δs are small. These assumptions do not necessarily hold at the same time: for instance, if many roots lie close to each other the derivation does not hold. In such cases, deviations may vanish more slowly. A more precise formulation of the string hypothesis is thus, that the deviations from string configurations as defined in (11) , vanish exponentially with N if N is made large while all other parameters are kept constant.
Rewriting the Bethe equations under the assumption that the deviations vanish leads to the Bethe-Takahashi equations
with
where the M roots are partitioned into M j strings of length j such that j jM j = M . All positive integer j are in principle allowed. For N even, I j α are half-odd integers for M j even, and integers for M j odd. The string hypothesis assumes that these equations have dim(N, M ) distinct solutions in terms of sets of real rapidities (allowing infinite ones).
C. Completeness
The Heisenberg Hamiltonian commutes with the total spin operator S It has been proposed 2, 4, 12, 37 that in the Heisenberg model, the Bethe-Takahashi quantum numbers of highest-weight states should be non-coinciding and bounded by
One can prove 2,38 that the number of sets of quantum numbers that satisfy this constraint is
, exactly the number of highest-weight solutions with M down spins. Therefore, provided that for each of these quantum number choices a solution exists, is unique, and leads to an admissible solution of the Schrödinger equation, the Bethe Ansatz is complete.
In the analytically solvable case M = 2, it is known that indeed, for each of these quantum numbers a unique, admissible solution exists. However, some of the quantum numbers associated to two-strings do not lead to complexpair solutions, as narrow pairs get narrower and eventually merge and split back onto the horizontal axis. Instead, in these cases, there are extra solutions with real roots. These extra real solutions can be connected one-to-one with the missing string solutions by way of the Bethe quantum numbers.
III. STRING DEVIATIONS
In this section we will derive equations for the exact string deviations. Determining these deviations is therefore completely equivalent to determining the exact roots of the Bethe equations in the complex plane. We will first establish the method by considering two-and three-strings, and then generalise to arbitrary string lengths.
A. Deviated two-strings
The Bethe-Takahashi equations (18) are found from the sum of the logarithmic Bethe equations, absorbing all contributions from branch cut crossings in the Bethe-Takahashi quantum numbers. To find the relation of these with the Bethe quantum numbers, let us carefully redo the derivation. We concentrate on the isotropic chain. Similar but more complicated derivations can be given for the anisotropic chain.
We use the relation
where we defined
We use sign 0 = 0 and Θ is the Heaviside step function with Θ(0) = 1 2 . Note that ξ( , δ) = Arg(δ + i ) for = 0, and ξ(0, δ) = 0. A useful feature of ξ( , δ) is that it is continuous on the line δ = 0. Therefore the value for zero deviations is well-defined, ξ( , 0) = π 2 sign and we need not keep track of the sign of δ in the limit. Deviated two-strings are parametrised as λ (2) α± := λ (2)
α and δ (2) α are real numbers. The sum of the (log-) Bethe equations for λ (2) α± equals,
where, for legibility, we dropped the indices (2) α . To compare with the Bethe-Takahashi equations, let us take all δ → 0,
Comparing to the Bethe-Takahashi equations, we conclude for the relation between the quantum numbers
taking this equation modulo 2, we see that the criterion for a two-string with quantum number I (2) to be wide is
The sum of the Bethe equations gives the equation for the string centers; therefore, we must look at the difference of the Bethe equations to find the deviations. The imaginary part of this equation can be written
Together, equations (23), (27) , and (26) determine the rapidity λ α . It is of importance to note that the right-hand side of this equation is not strongly dependent on δ (2) α , as long as δ (2) α is small compared to λ (2) α , so that an iterative approach to solving these coupled equations can converge rapidly.
B. Deviated three-strings
Let us consider the equations for the deviation of a three-string in the presence of other strings of length not more than 2, which is enough to illustrate the general idea. In the presence of longer strings, terms will have to be added to these expressions but as these become quite unwieldy we defer this derivation to the treatment of the general case in the next section.
Parametrising the three-string as
we consider the sum over all three Bethe equations, writing λ
Taking its limit for δ → 0, → 0,
Comparing to the Bethe-Takahashi equations, we find
The real part of the difference between the + and − logarithmic Bethe equations yields J + − J − = −1. This leaves J 0 as of yet undetermined, but it turns out to be unnecessary to know this quantum number to be able to solve the equations. The imaginary part of the difference between the + and − equations gives, when exponentiated,
The other independent equation is the Bethe equation for λ 0 . However, for later generalisation it is more convenient to consider the sum of the + and − equations,
Both equations are written such that the terms on the right-hand side do not strongly depend on and δ. Now we can simply iterate
in order to find the exact roots.
C. Deviated strings of any length
Now that we know how to solve two-and three-strings, we are ready to generalise our approach to strings of any length. Consider a generic j-string,
where the deviations δ and are real and satisfy δ a = −δ j+1−a , a = j+1−a . Furthermore, for even j, j/2 = 0; for odd j, j/2 +1 = δ j/2 +1 = 0.
Thus, for every j-string we have to find j/2 deviations d = + iδ, as well as the string center λ. Following the logic of the three-string case, we will construct sets of equations for the norms and arguments of the deviations separately. These equations are written in such a way that the right-hand side can be used to calculate a new guess for the left-hand side, of which we then take the inverse function. They are thus adapted to solution by an iterative procedure. For this to be successful, the equations are to be organised in such a way that the left-hand side varies strongly with the quantity under consideration (be it argument, norm, or center), whereas the right-hand side varies only weakly. Let us start with the arguments.
Argument of deviations
First we consider the sum of Bethe equations for two conjugate roots. The sum equation reads (again, indices j α are suppressed to reduce the strain on the eye)
where
The self-scattering term θ a self contains a few terms that vary strongly with , δ, if these are small. Let us split these off as
where the residual weakly-varying part is
The strongly-varying terms are moved to the left-hand side in equation (36),
Using ξ( , δ) + ξ(− , δ) = 0, we can sum the above equations (40) to
Applying the inverse function of ξ on both sides, we determine a − a+1 and δ a − δ a+1 up to a common prefactor. Note that, to be able to use equation (42), we need to determine π(J a + J j+1−a ) modulo 2π. Here we use
where, for even j, we need to use a criterion such as (26) to determine the inner pair sign, σ := sign δ j/2 . We will defer this derivation to the end of this section.
Norm of deviations
To find the latter, we must consider the difference between the Bethe equations. Writing this as
Again, we split up the self-scattering parts,
where the residual part of the self-scattering term is
Now we can write, in similar fashion as before,
and we may multiply these equations out to get the norm we sought,
In these equations,
Equations (49) and (42) completely determine a − a+1 and δ a − δ a+1 . For odd j, this sequence ends at a = j/2 , where a+1 = δ a+1 = 0. For even j, the endpoint is at j/2, where a = a+1 = 0 and δ a = −δ a+1 . In both cases this allows us to find and δ themselves at the endpoint, after which all other deviations are found by summing the differences. For odd j, therefore, the deviations are found from
For even j, the value θ j/2 cannot be determined as above; we must decide the width of the middle pair σ := sign δ j/2 on the basis of a criterion such as (26) , which we shall derive shortly. Here, the deviations are found from
Rapidities
Finally, we need an equation for the rapidities. This is found from the total sum of the string Bethe equations, which becomes the Bethe-Takahashi equation for the string in the limit where the deviations vanish. Annoyingly, we need to pay attention to all branch cut terms to make the correct connection with the Bethe-Takahashi equation. The self-scattering terms all cancel, so that the total sum reads
The kinematic phases add up to
For the scattering phases, writing
and using
we can group terms together as
The iterative prescription for λ ≡ λ j α is then
These equations take the place of the Bethe-Takahashi equations when solving for a deviated string. However, to make the connection with those, we need to establish a relationship between the various quantum numbers used. This we can do by taking the limit as δ, → 0.
Using ξ( , δ) + ξ( , −δ) = π sign and ξ( , 0) = (π/2) sign , and taking the equation modulo N π, the kinetic phase goes to
For the scattering phase, we use
and
where the sum over c is in steps of 2 and the Θ term derives from the cancellation of terms between k − j and j − k, which occurs if j > k. The last equality follows because all remaining terms have positive values for the second argument of ξ.
Observing that
, we may conclude that the relation between Bethe and Bethe-Takahashi quantum numbers is, modulo N ,
Width of innermost pair
Given relation (10) between J a and J j+1−a , we can use expression (62) to determine the width of the innermost pair of an even string. Taking it modulo 2, we find
so that with σ = 2Θ(δ j/2 ) − 1 we have found the last ingredient needed to find the deviations of even strings by equation (52).
D. Summary of the method
In the previous sections we have derived a number of equations for deviated strings, which can be solved by simple iteration. One starts from a solution of the Bethe-Takahashi equations (18), giving initial locations for the string centers. Naturally, these solutions have all deviations zero, 
IV. STRUCTURE OF STRING SOLUTIONS
Various authors have studied the fine structure of 2-string solutions, starting with Bethe himself 2 , and followed by Vladimirov 16 and Essler, Korepin, and Schoutens 3 . It is found that there are two branches of two-strings: narrow and wide ones. The wide strings lie on a curve in the complex plane such that, with increasing real part, the imaginary part of the roots diverges with the asymptote Im λ = ± Re λ/ √ N − 1. The narrow strings get closer to the real line with increasing real part, and finally collapse onto it. This means that for high quantum numbers no narrow string solutions are available. Instead, extra solutions appear with two real roots. Motivated by these results, we study the three-and four-string case.
A. Fine structure for three-stings Figure 1 shows the Re λ > 0 solutions for a single three-string on a chain of 10 6 sites. The solutions separate into three branches, distinguished by their quantum number I (mod 3). Two of the branches, with I = 0 (mod 3) and I = 1 (mod 3) are as good as indistinguisable for this value of N , although they are separately visible for smaller N .
Calculating the Bethe quantum numbers (J + , J 0 , J − ) from these solutions, it is found that they follow the pattern shown in figure 2 . There are three branches of solutions, distinguished by the relations between the quantum numbers, branch 0
Strings on the two branches for which J 0 = J + or J 0 = J − shrink with Re λ. Beyond a certain point we can no longer find a deviated three-string solution for the given quantum numbers. We conjecture that further states are made up of a narrow-string whose two roots have equal numbers, with the third quantum number corresponding to the real root.
Further still, we expect the rapidities of states with yet higher quantum numbers to collapse onto the real axis yielding a purely real three-string, similarly to what happens for two-strings. On the branch for which all quantum numbers are different, string solutions continue to exist with growing Re λ, with increasing deviation. Assuming λ, we can .
The results given up until now studied configurations where the string under consideration was the only set of roots. In the large-N limit, this implies that we study a system very close to saturation field. To study a system at a magnetic field closer to zero, let us consider configurations with a single string accompanied by a number of real roots, such that M/N = 0.4. This is numerically much more intensive as a far larger set of equations must be solved. Therefore, only smaller systems can be considered here. Figure 3 shows the Re λ > 0 solutions for a three-string in this case, on a chain of 2000 sites. It turns out that the overall structure is very similar to the lone-string case considered earlier.
B. Fine structure for four-strings Figure 4 shows the Re λ > 0 solutions for a single four-string on a chain of 10 6 sites. The solutions separate into four branches, distinguished by their quantum number I (mod 4). Again, two of these branches (I = 1, 3 (mod 4)) are nearly indistinguishable.
Calculating the Bethe quantum numbers (J −2 , J −1 , J +1 , J +2 ) from these solutions, it is found that they follow the pattern shown in figure 5 . There are four branches of solutions, again distinguished by the relations between the quantum numbers, branch 0
Assuming 0 , 1 λ, we can derive the asymptotical relation
(67) Figure 6 shows the Re λ > 0 solutions for a four-string accompanied by real roots such that M/N = 0.4, on a chain of 2000 sites.
C. Completeness
An interesting question is the fate of string-like solutions with increasing chain length N . The analytic solution is known only for the two-magnon sector M = 2; from N = 22 onward narrow two-strings 'collapse' and form pairs of roots on the real line, as described in [3] . The number of missing solutions equals
The method described in this chapter can shed some light on this question, as we can try and find all solutions of the Bethe equations for a given number of magnons with increasing chain length. The number of missing solutions then gives an upper bound to the number of non-string solutions. For M = 3, this is shown in figure 7 . The situation for M = 4 is shown in figure 8 . Note that, especially around the jumps in the graphs, the number of solutions found is rather sensitive to the degree of convergency required in iteration. This effect may shift the jumps a bit to the left and right but the overall shape of the function is not changed.
Finally, in figure 9 we show the number of missing solutions in a single log-log graph for M between 2 and 7. It can be seen from the plot that at every M , the number of missing solutions grows as O(N M −3/2 ) and exhibits jumps on or very close to the locations dictated by the M = 2 rule (68). These numbers fit in a picture where the collapse of narrow pairs-either only from two-strings or from higher strings as well-is the only aberration from the string hypothesis, if one allows for deviations in the strings themselves. Of course, it would be desirable to have a method to solve for the collapsed pairs as well, so that this statement can be checked. Since the number of higher strings is much lower than that of two-strings, a collapse of higher strings would not make a big difference in these graphs.
This also shows that, at least at the small numbers of magnons and chain lengths considered here, the method we describe captures the vast majority of solutions of the Bethe equations: the number of highest-weight solutions is
so that the fraction of missing solutions scales as 
D. Scaling of deviations
The string hypothesis states that deviations should decrease with increasing chain length as O(e −cN ) for some constant c. In figure 10 the average deviation of string solutions is shown, where the average is taken over all solutions (including real roots) and the magnitude of deviation for a single string is given by
Remarkably, the curves for all values of M collapse onto that of M = 2, if the average deviations are divided by nj −1 l=1 l. The string hypothesis suggests that such an average should decrease as a sum of exponentials; the curve is consistent with this.
We can also check the string hypothesis directly: if we keep λ approximately fixed (of course we are limited in our choice for λ, bounded as we are by having to find an actual solution of the Bethe equations) we see that the deviation δ indeed decreases exponentially with increasing N . This is shown in figure 11 .
However, if we do not hold the string center constant but instead consider the behaviour of the most outward string, we see that its deviation in fact increases with N , as shown in figure 12 . This is because the string center of the peripheral string increases with N as well.
E. Deviation of peripheric strings
Let us parametrise the deviations as follows. For the roots in an j-string, where d a := iδ a + a . For the central root or pair,
Furthermore, as the roots are grouped in pairs of conjugates,
In the Bethe equation for a given root, the scattering phase features a product over the other roots of the string,
To lowest order in d, for a = 1, j,
For a = 1 or a = j, Thus, starting from a = 1, we can successively construct the differences
where K a is given by the other factors in the Bethe equation,
the product is understood to run over all complex roots not belonging to the same string. For odd j, we can use d (j+1)/2 = 0 and sum over the differences to get
For even j, we have Re d j/2 = 0 and therefore d j/2 = −d j/2+1 . We now have, for b ≤ j/2 − 1,
The behaviour of K a for large N and λ depends on the order in which we take the limits. In particular, let us consider the limit for large λ, i.e. a string center far removed from the origin, while the other rapidities remain small. Then, lim λ→∞ K a = 1 and, for odd j,
Note that this number is of order unity and independent of the chain length N . This order of limits is relevant for instance when we consider the limit to large N at a fixed magnetisation density M/N , as in that case the number of rapidities grows with N . Then, assuming a constant rapidity density, strings on the periphery will always be strongly deviated.
V. SYMMETRIC AND SINGULAR STATES
If the Bethe-Takahashi quantum numbers are distributed symmetrically around zero, then so are the rapidities. Such symmetric states merit special attention. The simplest example is the ground state, which has already been discussed. Since all the rapidities are then real, no problem is encountered. In the presence of bound states, the situation becomes more complicated. In a symmetric state, if the quantum number of a string is zero, then its center is also zero. Superimposing two higher strings of length differing by an even integer (e.g. a 2-string and a 4-string, or a 3-string and a 7-string) means that pairs of rapidities coincide in the pure string hypothesis. String deformations, as we will see, regularize these situations and give allowable eigenstates. As we will discuss in this section, it turns out to distinguish two classes of symmetric states: those with only strings, and those which include even strings. Again, we concentrate on the isotropic chain, although similar issues exist also in the XXZ chain.
A. Multiple symmetric odd strings
In a symmetric state with more than one odd string at the origin, the solution of the Bethe-Takahashi equations is not a valid state: since there are two or more roots present at the origin, the exclusion principle is violated. However, if we take the deviations into account, this problem does not arise: the two roots that coincide in the limit are actually separated. As an example, we will show the solution for the simplest case where this problem arises: the symmetric state with one three-string and one real root at the origin, I
(3) = 0 and I (1) = 0. Defining the rapidities λ ±i = ±(i + δ), λ −0 = −λ +0 > 0, we find from the difference of Bethe equations that J +i = −J −i = (N − 1)/2 (where also J −i = J +i + 1 (mod N )). The quantum numbers for the real roots in the complex must be half-integer, opposite, and as small as possible, leading to J ±0 = ±1/2.
The fixed points of the iterative equations for the deviations as given in section III, however, are repulsive in this case; therefore we need to either use another method (such as Newton-Raphson) or rewrite the iterative equations. An easy prescription that works is to take the sum of the equations for the positive-real and positive-imaginary root, which gives
where, in the presence of other roots,
The full solution has no coinciding roots and the wave functions are regular Bethe wave functions. The roots do, however, tend to grow very close as the chain length increases, leading to numerical problems: at more than 40 sites machine precision is too low to find an acceptable result (see figure 13) . However, for smaller chains it is already clear that the values are exponentially decreasing. For large N , inserting the assumption λ 1, δ 1 in the Bethe equation, we note that by symmetry of the set {λ β }, the contribution of the other roots is the real number 0 < F < 1 given by
This way we get
proving that the opposite real roots are exponentially close to each other, but can be pushed further apart in the presence of a macroscopic number of down spins (i.e. at low magnetic fields). In this approximation, the reduced Bethe equations that must be satisfied by the remaining roots are
if we order the rapidities such that the last four are the set {±0, ±i}.
The energy associated to the four roots {±0, ±i} equals, for large N , (81) and by the large-N approximation (84) (lines). The plot is limited to those values for which the iteration procedure remains within machine precision. It is seen that even for short chains, the large-N approximation yields very good results.
B. Singular pair states at M = 2
Here, besides superimposing pairs of even-length strings at the origin (which we will not discuss here; their treatment would extend the present section, and could be addressed by adopting a similar logic to that used for superimposed odd-length strings in the previous section), we encounter a fundamentally different type of singular states, due to the presence of roots at the points ±i/2. At this point, the Bethe equations are singular; moreover, the singularity in the kinetic phase is stronger than in the usual case for a string, O e ∓N log δ instead of O e ±N . This would suggest that this divergence cannot be countered in the usual way by the divergence in the scattering phase. Yet, if we carefully consider the way in which we take the limit λ ± → ±i/2, we shall see that we get a bona fide solution of the Bethe equations.
Note that the problem of singular states also arises in the XXZ model at 'root of unity' values for the anisotropy parameter, as was shown by Fabricius and McCoy 31, 32 : indeed, the exact complete N -strings of those articles correspond to the singular strings discussed here.
It was noted in [2, 3] that, in the M = 2 sector, the wave function corresponding to the roots ±i/2 is
Here we have made the periodicity of the chain explicit; note that it is essential that N is even for this state to exist. We shall see that if we take the limit λ ± → ±i/2 along the path prescribed by the Bethe equations, we recover the wave function (87).
Consider λ ± := ± i(1 + 2δ)/2. We will take the limit → 0, δ → 0. As of yet, the signs of δ and are unspecified. To first order, the kinetic phase satisfies
so that e
δ+i . The scattering phase has (here, we denote Φ(k
thus e iΦ = −δ. Looking at the Bethe equations we now see
so that we must have | | |δ|; from which we deduce
We see that, for and δ both to be real, we need N even. Furthermore,
Let us turn our attention to the wave function. We write χ (±i/2) (j 1 , j 2 ) = χ + sign δ −χ − sign δ where, for later convenience, we have defined
Inserting the first-order values just found,
We see that the prefactor, though divergent, is independent of position and therefore can be included in the normalization of the wave function χ (92), it has the correct periodicity; we recover (87). We did not have so specify the sign of in this derivation; it turns out that we can choose whether to approach the limit from the left or from the right half-plane.
We find the values of the quantum numbers when we consider the sum of the Bethe equations, viz.
so that the Bethe quantum numbers for the singular state at M = 2 are the half-integers
in agreement with (92). The sign of these quantum numbers is not uniquely determined: it equals the sign of we chose in the limiting procedure. Naturally, the Bethe-Takahashi quantum number corresponding to a single two-string at the origin is I (2) = 0.
C. Singular pair states at M = 3
For M = 3, one singular state is already known: the M = 2 state we just found, with an extra rapidity at infinity (i.e., momentum at zero). However, another choice for the momentum that respects the lattice inversion symmetry is k 3 = π (mod 2π) (i.e., λ 3 = 0). Let us use λ ± = ± i(1 + 2δ)/2 and | | |δ| again. The Bethe equation for λ + yields
As λ 3 → 0, λ + → i/2, we have e iΦ13 = e −iΦ23 = 1/3, so that, to first order, (−i ) N = −δe i(Φ13−Φ23)/2 , and it turns out that we have to set sign δ = (−1) 1+N/2 . Given this limiting procedure, we can now write the wave function as
Because the js are ordered, χ + is zero unless its arguments are j 1 and j M , and χ − vanishes in that case only. Using e ik3 = −1 and the values from equations (95), (96), with the common prefactors divided out,
we find that the wave function equals
Note that this wave function can be formed by simply creating a down spin of momentum π on top of the M = 2 singular state. The Bethe quantum numbers are
The Bethe-Takahashi quantum numbers are
D. Singular pair states at M = 4
Consider M = 4 and λ ± := ± i(1 + 2δ). Apart from the solutions we just found, extended with the appropriate number of infinite rapidities, we can find a few more.
Note that for finite nonzero lambda, by symmetry, λ 3 = −λ 4 =: λ. The Bethe equation for λ + now gives
By symmetry, Φ 13 + Φ 14 = −Φ 23 − Φ 24 =: Φ/2 and the wave function can be written
where an extra phase factor has to be introduced for the terms in which the sites associated to λ 3 , λ 4 surround the sites associated to the string,
The Bethe equation for λ can be reduced, using symmetry and the values λ ± = ±i/2, to (N − 2) atan 2λ − atan
For J 3 < (N − 3)/2, the solutions of (108) are real and the Bethe-Takahashi quantum numbers are I (2) = 0 and
, λ is imaginary; this configuration can be identified as a deviated four-string with I (4) = 0. The Bethe quantum numbers associated with λ ± are the same as in the M = 2 cases.
E. Singular pair states at general M
We will now generalise the approach of the last sections. Again, we only consider highest-weight states. Consider a configuration of M roots, two of which form a singular two-string, λ± := ± i 2 (1 − 2δ). The other roots must be distributed symmetrically; the total momentum is π for even M , and 0 for odd M . For ease of notation, let the number of non-singular nonzero roots beM := M − 2 − (M mod 2); we'll indicate the particle at k 0 = π with the index 0, and the two singular roots with ±. The set is ordered +, −, 0, 1 . . .M , such that we always have k a = −kM −a+1 for a > 0.
The Bethe equation for λ + gives
where Φ 10 is understood to be zero if M even. Consider the Bethe wave function (5). There will be one nonzero term with χ + : the one involving χ + (j 1 , j M ). This term has a nontrivial scattering with the singular string, equal to e
; again, this cancels against the factor that arises taking the limit as above.
Another nontrivial scattering phase occurs when the sites j p , j p+1 = j p + 1 are surrounded by a pair of sites associated with opposite momenta, yielding a phase
Moreover, only such permutations need be retained in the sum as make it possible for the sites involved in the singular complex to be adjacent. With these considerations, the Bethe wave function becomes
Note that, for convenience, the permutations P are the inverse of those in the earlier expression for the Bethe wave function (5). The permutation P is understood to be a map from {+, −, 0, 1
We can make this expression slightly less ugly by splitting up the permutation P such that P = P +,a P −,(a+1) Q a where the permutation Q a maps {0, 1 . . .M } to {1 . . . a − 1, a + 2 . . . M }. Note that [Q a ] = [P]; this separation is possible because the Kronecker symbols in the sum select only those permutations that map +, − onto the neighbours a, a + 1. Thus, the general Bethe wave function in the presence of a singular string reads
The reduced Bethe equations that must be satisfied by the remaining roots are
The Bethe quantum numbers J + , J − are those of the M = 2 case (for M even) or the M = 3 case (for M odd).
F. Energy of singular pair
In computing the energy contribution of the singular pair ±i/2 we have to be careful to take the correct limit (109) arising from the Bethe equations. In this limit, the imaginary deviation is negligible compared to the real deviation, so that we may set λ ± = ± i/2. The energy contribution of the singular pair is then always
G. Validity of singular pair states
It has been argued by Siddharthan 28 (on the basis of numerically calculated energies) and Noh et al. 30 (by symmetry considerations) that singular pair states such as we just discussed, though they are solutions to the Bethe equations, do not (or not always) represent eigenstates of the Heisenberg model. However, we have shown above that they are valid solutions; moreover, we have checked the solutions of states found in this way against complete diagonalisation at N = 6, N = 8 and N = 10, and find perfect agreement.
As for the former article, the author finds six singular states for N = 6, M = 3, where only two are allowed by symmetry; it is therefore not surprising that four of those states are not eigenstates. The author fails to take the Bethe equations for the singular roots themselves correctly into account, and therefore finds too many solutions. Considering the latter article, the situation with parity and translation symmetry is somewhat more subtle. It is considered in the next section, where it is used to prove that matrix elements of local operators with respect to the ground state and a singular pair state vanish.
H. Form factors for singular pair states vanish
In the case of singular pair states, the reduced determinant expressions for correlators 35 become degenerate. However, we can show that the form factors must vanish in this case with the following simple argument, based on their symmetry properties under lattice shifts and inversion.
Translation symmetry
All singular states have a symmetric rapidity distribution, which implies their total momentum must be either 0 or π. The former implies symmetry under lattice shifts, and corresponds to the case with an odd number of finite roots aside from ±i/2. The latter implies antisymmetry when shifting the lattice by one site, and corresponds to the case where there is an even number of such roots.
Parity symmetry
Let us now turn our attention to the symmetry properties under lattice inversion (the parity operation). Under parity, the wave function χ {λ} (j 1 . . . j M ) is taken to χ {λ} (N − j M + 1 . . . N − j 1 + 1). Inserting this in the Bethe wave function, we get
Now let us set k M −α := −k α , so that
where V is the inversion permutation, such that
, we see that we recover the Bethe wave function for the set of momenta {k }, with a prefactor e i P α kα(N +1) = e i P α kα . Therefore, a Bethe wave function with {k} = {−k} is either symmetric (if α k α = 0) or antisymmetric (if α k α = π) under parity; conversely, if a state χ {k} is an eigenfunction of parity at eigenvalue v, we must have χ {k} = vχ {−k} .
Consider, however, a singular Bethe wave function; take for instance χ ±i/2 (j 1 , j 2 ) = (−1) j1 δ j1,j2 +(−1) j2 δ j1+N,j2+1 . It is easily seen that this state is symmetric under parity, but antisymmetric under a single-site shift. In [30] this is taken to be a contradiction, implying that singular states cannot be Bethe states. However, even though {λ} = {−λ}, the momenta for the singular pair are k ± = π/2 ± i∞; the limit that needs to be taken to arrive as this point is such that at no point λ − = −λ + except at the limit itself. The opposite momenta k ± = −π/2 ± i∞ yield, in the limit, the same wave function; but {k} = {−k} and therefore the assumption leading to the symmetry relation above is not satisfied for singular Bethe states.
Applying the above argument to the singular-state wave function of (112), we see that lattice inversion takes the finite momenta to their opposites; but the part of the wave function corresponding to the singular pair is taken to itself. (Note that the extra scattering factor for opposite momenta surrounding a pair does not change, as the property of surrounding something is invariant under parity). Thus the eigenvalue under parity from a singular state is −e i P α kα . Indeed, for a general singular state, symmetry under shifts implies antisymmetry under parity and vice versa.
Symmetry and form factors
For the general study of dynamics using all important excited states 34, 35, 40 it is essential to be able to determine all required matrix elements of local spin operators (form factors). It is easy to show that form factors of singular states with the ground state vanish. Consider an even singular state, i.e. of momentum π. The ground state for even M has momentum 0. Therefore, the only possibly nonvanishing form factor operates at momentum π,
As we have shown, the state |{±i/2, λ} is symmetric under parity. Since N is even, the state j (−1) j S α j |{±i/2, λ} is antisymmetric under parity. But the ground state |GS is symmetric; therefore, their overlap (which is the form factor) must be zero. The converse argument holds when we consider odd singular states; again, the form factor is zero.
VI. CONCLUSION
In this paper we have discussed a method allowing us to find an extended class of solutions of the Bethe equations in the complex plane, by calculating deviations to the string-hypothesis solution. For fixed M at increasing N , the fraction of solutions that cannot be found decreases algebraically with the number of sites and factorially with the number of magnons. The behaviour of the number of missing solutions suggests that collapsing pairs are the only source of failure of the string picture in this regime. The average deviation of the string hypothesis is found to decrease with N , but it is not exponential in all cases. If the number of magnons becomes macroscopic, i.e. when the field becomes small, we expect that the method becomes more difficult to implement, as can be expected from general arguments (see e.g. [10] ).
We have also shown that singular states exist whenever a symmetric configuration includes an even string at the origin, leading to a singularity in the Bethe equations. These states are generalisations of the M = 2 singular state that had been known for a long time. We also show that, in contrast to what is claimed in the literature, these states can be seen as legitimate solutions to the Bethe equations, as long as the limit is taken in the correct way. We have also shown that all states in this class have zero form factors for local spin operators, and can therefore be ignored in the calculation of zero-temperature correlation functions of local spins. We have not yet investigated cases in which either a four-or higher even string is present at the origin in a symmetric state, nor the case of superimposed pairs of even or odd strings at the origin. Yet another class of special solutions arises when a symmetric configuration includes two odd-length strings at the origin. Both of these last two situations lead to solutions with pairs of roots that are exponentially close to each other as N becomes large, without violating the exclusion principle. Form factors and norms for these states exist and are nonzero, but are hard to calculate due to the exponential degeneracy. We leave all of these for future work. In summary, we have presented sets of equations allowing to obtain eigenstates of the Heisenberg chain beyond the traditional string hypothesis. These results are of importance in particular for the calculation of dynamical correlation functions of finite chains, where form factors depend sensitively on deviations from pure strings. On a more formal level, although the state counting can be categorized using partitioning of rapidities in pure strings, the actual solutions to the Bethe equations can differ substantially from the string hypothesis, and can do so in very elaborate ways (especially for the higher strings which we consider here). We hope that the present work will provide stimulation for an eventual more faithful and representative classification of solutions to the Bethe equations. 
APPENDIX A: COMPLETE BETHE ANSATZ SOLUTIONS OF FINITE CHAINS
In tables I-IV we give the rapidities for all highest-weight eigenstates of the isotropic Heisenberg chain at 8 sites, except the reference state (which has no rapidities). Lower-weight states can be formed by adding the appropriate number of infinite rapidities. Similarly, tables V-X contain the results for 10 sites.
At this size, the model is easily completely diagonalisable and therefore we do not need the Bethe Ansatz to solve it. However, while constructing the complete solution from the Bethe Ansatz solutions is easy for this number of particles, mapping the exactly diagonalised wave functions to solutions of the Bethe equations is not. Therefore, we believe it valuable to have an exhaustive list at hand. The solutions are found by the methods of section III. The quantum numbers are determined from the rapidities, thereby providing a valuable check on their accuracy as solutions to the Bethe equations. We have also checked these solutions against a complete diagonalisation, and found full agreement. One thing one can easily see is that these solutions neatly satisfy the classification in terms of the string hypothesis: the states can be associated one-to-one with string states, with small but significant deviations, and with quantum numbers that satisfy the bound (20) . 
